A theory is developed for the attenuation and dispersion of compressional waves in inhomogeneous fluid-saturated materials. These effects are caused by material inhomogeneity on length scales of the order of centimeters and may be most significant at seismic wave frequencies, i.e., on the order of 100 Hz. The micromechanism involves diffusion of pore fluid between different regions, and is most effective in a partially saturated medium in which liquid can diffuse into regions occupied by gas. The local fluid flow effects can be replaced on the macroscopic scale by an effective viscoelastic medium, and the fbrm of the viscoelastic creep function is illustrated for a compressional wave propagating nornaal to a layered medium. The wave speeds in the low-and high-frequency limits are associated with conditions of uniform pressure and of uniform "no-flow," respectively. These correspond to the isothermal and isentropic wave speeds in a disordered thermoelastic medium.
INTRODUCTION
Attenuation of elastic waves in the Earth in the range from zero to several hundred hertz is recognized as having many possible causes, and it is doubtful whether it can be described by any single theory. A summary of some of the effects that have' been considered is given by Murphy et al. t
They point out that several processes, such as frictional sliding between grains and internal loss mechanisms in the pore fluid, are not adequate to explain the observed magnitude of attenuation. The theory of Biot 2'3 for fluid saturated porous (permeable) rock is also inadequate if one assumes the porous medium to be spatially uniform. 4• Berryman 6 has pointed out, however, that if the permeability is nonuniform then the effective permeability that enters into the attenuation is the average permeability, in contrast to the harmonic average one obtains for steady flow through a heterogeneous rock. Berryman argued that the enhanced permeability could account for seismic wave attenuation within the context of Biot's theory. Other possible mechanisms that have been proposed and studied in The purpose of this paper is to develop a macroscopic theory which takes into account the type of microstructure in the White model. More generally, the theory developed here allows us to "average" material inhomogeneity occurring on length scales commensurate with the pore pressure diffusion length. First, it is shown by a detailed study of the specific model of a periodically layered poroelastic medium that the effective wave number of compressional waves is defined by the solution to a problem equivalent to that studied by White et aLm This result provides a rigorous basis for the concept of a frequency-dependent effective modulus, which was not properly justified by previous authors ø-n in terms of a specific, complete model. In this paper the microstructural mechanics is assumed to be described by the Biot theory for fluid-filled media. By allowing the Blot continuum to be inhomogeneous and applying ideas from homogenization theory, it is shown that the macroscopic effective medium is simply viscoelastic. Thus, the Blot equations, which are themselves homogenized versions of the coupled equations of elasticity and fluid dynamics, TM are homogenized even further in this paper.
Some general results are also derived for the limiting lowand high-frequency moduli of the effective viscoelastic medium, for both the simple layered model and in general for full three-dimensional heterogeneity. It is shown by analogy that these moduli are directly related to the isothermal and isentropic moduli of disordered thermoelastic materials, and that the analogy is of practical use in obtaining the moduli. Explicit expressions are given for the limiting moduli for different situations, including the full set of transversely isotropic moduli in a layered medium.
The layout of the paper is as follows. First, the physical scalings involved are defined and discussed, without reference to any specific problem. Biot's poroelasticity equations are then applied to the particular problem of compressional waves propagating through a periodically layered medium. This problem is chosen because it is probably the simplest for which the White model can be deduced from first principles, with explicit expressions for many of the effective parameters. For instance, it is shown that the effective modulus corresponds to a causal viscoelastic creep function, which is illustrated for the case of a water/gas-saturated layered medium. The connection between the layered medium problem and the two-phase model of White et al. m is shown explicitly in Appendix A.
The remainder of the paper deals with the limiting moduli for arbitrary, three-dimensional heterogeneity, in the limits of low and high frequency. The disparity in the limiting toodull indicates the strength of the attenuation and dispersion, and despite the fact that they cannot be easily obtained, it is possible to make some general but meaningful statements about the values of these moduli using a simple analogy with thermoelasticity.
I. SCALING
There are many lengths associated with wave propagation in fluid-saturated rock, ranging from the total distanee of propagation which may be on the order of a kilometer, to the shortest characteristic length scales of the respectively, where v is the wave speed, f is the frequency, and the remaining parameters will be defined presently. In order to appreciate the relative magnitudes, it is instructive to consider compressional waves in water-saturated Berea sandstone (see Tables I and II) Table III from which it is evident that they are quite disparate, with no two of similar magnitude. The main purpose of this paper is to examine the effect of material inhomogeneity on the length scale of the pore pressure diffusion length L a. Let L be a typical length over which the material properties vary. For instance, L may be the length of a unit period in a periodically layered medium, or more generally, L may be the spatial autocorrelation length in a nonperiodically layered medium. The following scaling is assumed:
The final inequality implies that the quasistatic approximation to the Biot theory for saturated rock is adequate. If 
Vo Vo and put ti= , tb=e--, 
dX The bulk variables • and rzz vary slowly because of the presence of the factor e in their differential equations, whereas the pore variables • and p vary over length scales X=O(1). The bulk stress r= can therefore be approximated as constant, correct to O(e), in the equations for ß and p, and (fi,p) can be solved for, subject to some boundary conditions discussed below. The pressure can then be put back into the "macroscopic" equation for t2 and forming a dosed system. Equations (11) and (12), although not rigorous, indicate how the pore diffusion effects alecouple from the bulk wave propagation, provided e•l, or v0,•toc0L, see Eq. (7). These rather vague but physically reasonable concepts will now be made more precise by considering the asymptotic approximation (in e) to the exact equations in a periodically stratified medium. It will become clear that the preceding approximate analysis is rigorously justified in an asymptotic sense.
C. Periodic stratification
The period is L, or unity in terms of X of Eq. (7), and averages of a quantity f over a unit period are denoted by
(f). Define Po as (p), and Oo=(C•/po) •/•, where
is the effective axial stiffness of the equivalent transversely isotropic homogenized continuum. The suffix oo applies to the high-frequency limit, ll•, 1. It will be shown that v0 is the limiting speed of compressional waves in the highfrequency limit. "High frequency" means that the diffusion length is far less than the inhomogeneity scale, although the wavelength is still assumed to be much longer than any other characteristic length and the frequency much less than the reference critical frequency O•o, appearing in Eq. 
The periodicity condition for the mode is, from Eqs. (14) and ( 
If R (z) is constant then it is easily checked that/4,'=0 and P=R, and the effective modulus is simply C• of Eq. Fig. 2 . These references also provide plots of the wave speed dispersion as a function of frequency; for purposes of brevity the frequency dependence of the speed will not be discussed here: The single peak in 1/Q in Fig. 2 is characteristic of a single dominating relaxation process, associated with the oseillatory diffusion of water into the gas, and vice versa (note that in the present case the two diffusion coefficients are of comparable magnitude). In realistic situations one can expect that the peak will be smeared out over a wide frequency range. The peak in 1/Q occurs at different frequencies, depending upon the relative concentration of water and gas, and is plotted in Fig. 3 . The associated minimum value of Q is plotted in Fig. 4 , from which it is evident that the greatest attenuation occurs at roughly the same gas fraction that gives the largest dispersion (see Fig. 1 Fig. 5 , and the characteristic time for the transition is clearly related to the frequency at which the attenuation peaks (see Fig. 2 ).
III. THE LIMITING MODULI
The same macroscopic viscoelastic behavior found in the one-dimensional layered medium is also expected for media which are periodic in all three directions. However, the cases of practical interest are not periodic although they do display macroscopic homogeneity, as in the earth. Despite the limited number of models for which closed form expressions are available, it is possible nonetheless to make some general statements about the limiting low-and high-frequency moduli that govern elastic wave propagation. A discussion of these moduli for the spherical White model may be found in references. •'•2 In general, no matter how complex the microstructure, the disparity between these limiting moduli indicates the range of dispersion due to diffusion, and if the exact frequency dependence were known the Kramers-Kronig relations could be used to derive the attenuation as a function of frequency. However, it is safe to say that the maximum attenuation can be expected when the dispersion is also the greatest, as borne out by the limited numerical results discussed above. It is also simpler to describe the limiting moduli than the full frequency dependence, and for that reason the remainder of this paper will focus on some general properties of the lowand high-freq. uency effective elastic moduli of a representative sample:, i.e., the analogs of C o and Coo discussed above. The sample region is a volume of sufficient extent that it contains a statistically representative distribution of variations, whether the overall medium is periodic or not.
The high.-frequency, or no-flow, moduli can be defined from the point-wise constitutive relations for an arbitrarily anisotropic frame, which are given by Eq. (3), where L½ are the anisotropic confined moduli. Equation (3) could be generalized to account for anisotropic pore fluid effects, for instance, if the pores have a preferred direction. We will not include this possibility here. In the high-frequency limit the fluid viscosity restrains any fluid motion, with the result that there is no flow throughout the material, i.e., •m0, or from Eq. (3), r=Lce.
The inhomogeneous medium behaves as a composite elastic continuum with local stiffness L c, and the bulk or effective medium is governed by the effective elastic moduli of the composite. The evaluation of the effective stiffness tensor is a nontrivial matter, but there is enough literature on the subject that it need not be of concern here; see, for example, Refs. 24, 25 for reviews of the subject. Thus, determination of the high-frequency moduli is, in principle, a well-defined and well-researched problem. In the low-frequency limit, the pressure p is constant, although not necessarily at the ambient level (p=0). Its precise value is governed by the global condition that fluid neither enters nor leaves the sample, i.e.,
where the angular brackets now denote the spatial average over the representative sample. The constitutive relations (3) then simplify to r=Le--apI, 
A. Thermoelastic analogy
An alternative approach may be used to find the limiting moduli, based upon the correspondence between the static theory of poroelasticity and the static theory of thermoelasticity which includes entropy. The correspondence was often discussed by Biot in his works, e.g., Reft 27, and has recently been used to advantage in finding some of the effective parameters in two-phase poroelastic media. 2s '29 The correspondence is summarized in Appendix E, from which it is clear that the frame moduli L in the porous medium correspond to the isothermal moduli of a thermoelastic medium. The connection between the other parameters is summarized in Eq. (El). The correspondence is very useful because there already exists a fairly large literature on estimating the effective parameters of inhomogeneous thermoelastic continua, e.g., Refs. 25, 24, 30 . The problem of finding the effective moduli in the porous medium is therefore related to that of finding the effective modulus, the effective tensor of thermal expansion, and the effective heat capacities for an inhomogeneous thermoelastic medium.
In the case of the high-frequency moduli, the constraint that •=0 everywhere corresponds to zero entropy change in the thermoelastic medium, and the corresponding effective moduli are based upon the isentropic moduli of the inhomogeneous medium. However, the thermoelastic analogy is not directly useful for the determination of the high-frequency moduli of the porous medium, since the issue at stake is essentially the same in either case. On the other hand, the thermoelastic analogy is very helpful in determining the low-frequency moduli because there is an extensive literature on the corresponding problem in thermoelasticity. Consider, for instance, the low-frequency effective bulk modulus in a macroscopically isotropic me- 
The unknowns e I , e 2, and A are found using the two conditions that u, and 
